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Abstract. The Faustmann framework has been extensively used to deal with the
rotation problem in forest economics. This paper considers the rotation problem using a
general bioeconomic model which allows for cyclical dynamics as optimal forest policies.
Constraining this general bioeconomic model to represent a clear-cutting regime, we show

that the Faustmann-Hartman result arises as a special case.
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1 Introduction

The economics of forestry has been dominated for over a century by the approach due to
Faustmann (1849). However, this approach deals with a very simple and restricted class
of forest management practices-clear felling. Faustmann addressed himself to the question
of defining the age at which an even-aged forest stand should be harvested in order to
maximise the return to forestry. He correctly formulated this problem as the maximisation
of the net present value of the perpetual returns from the land and it was solved by Presser
(1860) and Ohlin (1921). Thus, the Faustmann-Presser-Ohlin (FPO) model®, or simply the
Faustmann model, is the first valid representation of forest management practices. This
model is intuitive and analytically simple. It constitutes the framework within which many
subsequent forest rotation models have developed a more general representation of the
rotational problem. The following influences upon the Faustmann rotation age have been
examined in the literature; environmental benefits supplied by the forest (Hartman 1976,
Strang 1983 and Snyder and Bhattacharya 1990), stochastic factors (Reed 1984, Willassen
1998), variability of timber prices and planting costs with respect to time (McConnell et
al. 1983 and Newman et al. 1985), forest taxation (Chang 1982, 1983, and Englin and
Klan 1990) and management within a forest-wide context (Paredes and Brodie 1989, and
Swallow et al. 1997).

However, the Faustmann approach is limited in that it cannot address many ecologi-
cal and economic aspects of forest ecosystem management. For example spatial interac-
tions (Hof 1993), selective logging (Montgomery and Adams 1995), ecological interactions
(Wacker 1999) and characteristics of forest owners (Tahvonen 1998). This deficiency is
due to the rigidity inherent in static optimization analysis. This paper argues that a
bioeconomic modelling framework is better suited to dealing with these issues.

Dynamic bioeconomic models, which follow an optimal control approach, offer a more
flexible mathematical framework for renewable resource management and have been widely
used in fisheries economics (Clark 1990). Such models aim to identify the optimal forest
biomass over time. The optimal control framework was introduced to forest management
by Naslund (1969) and Schreuder (1971) to simultaneously analyse optimal rotation and
thinning. Anderson (1976) concluded that when the resource stock consists of an even-aged
distribution of forest stands, with the oldest being removed during each harvest interval,

the optimal harvest policy follows a Faustmann model for a single stand.

!Excellent reviews of the Faustmann-Presser-Ohlin (FPO) model can be found in Johanson and Léfgren
(1985, pp. 73-94), and Clark (1990, pp. 268-75). Bentley and Teeguarden (1965), Samuelson (1976)
and Lofgren (1983) offer very interesting surveys of the historical controversy surrounding this rotational

problem.



The Faustmann rotation framework focuses on the age-class structure of forest stands
since stand age is a key factor in the harvesting decision. Their biomass emphasis leads
bioeconomic models to neglect forest age classes, which prevents them distinguishing be-
tween young and old stands of equal volume. Moreover, since dynamic biomass models
consider the problem of determining the optimal harvest while maintaining the resource
biomass at an optimal level over time, they fail to deal with rotational management which
generally characterizes timber activities (Johanson and Lofgren, 1985, p. 55). In spite
of these critiques, models which ignore forest age classes have been used to incorporate
owner-specific variables. These models focus on analysing timber supply by nonindus-
trial private forest owners based on a Fisherian two period utility maximization approach
augmented by the dynamics of forest timber stock and the owner’s financial assets (Max
and Lehman 1988, Koskela 1989, and Kuuluvainen 1990). Tahvonen (1998) and Tahvo-
nen and Salo (1999) include owner’s consumption-saving decisions without neglecting the
forest rotational aspect. The solution of Tahvonen and Salo’s model converges to the
Hartman-Faustmann cutting criteria under restrictions on individual preferences and cap-
ital markets. However, their comparative static analysis produces different results from the
Faustmann analysis. The effects of changes in stumpage price and reforestation cost are
ambiguous due to substitution and income effects on the owners’ utility. They also anal-
yse the implications of changes in variables such as nonforest income and initial nonforest
assets, which are not included in the Faustmann framework.

This paper explains the Faustmann problem within the context of a bioeconomic model
introduced by Termansen (2000). This is a flexible framework for modelling optimal
forest management which allows for cyclical dynamics. There are no a priori assumptions
about the nature of the harvest strategy, i.e. whether it is rotational or continuous,
and the length of the forest rotations are permitted to change over time. We show that
the Faustmann model is a special case of this general bioeconomic model. Under the
simplifying assumptions inherent in the Faustmann approach (clear-cutting technology,
single even-aged stand, constant economic and biological parameters) the model generates
the Faustmann rule as an optimum solution. Furthermore, when nontimber benefits are
included in the model the optimal rotation length is given by Hartman solution. Thus, this
study sets up an analytically simple and empirically tractable bioeconomic model which
is able to identify optimal harvest for a single even-aged stand. In addition, it highlights
that the controversy about the use of bioeconomic models in forestry is merely a dispute
about whether or not to assume clear-cutting technology.

This paper is structured as follows. Firstly, the general bioeconomic model is intro-

duced. Secondly, cyclical dynamics are constrained to generate clear-cutting strategies for



an even-aged stand. Thirdly, the Faustmann-Hartman formula is derived as the optimal

cutting rule. Finally, conclusions are drawn.

2 The Basic Forest Model

Let & = x(t) represent the volume of forest biomass (m?3) at time ¢, and F(z) be the
timber growth function. This annual growth function is assumed to be a strictly concave
growth function, such that F'(0) = F(k) = 0 and k > 0, where k is the maximum volume
a given stand can accumulate.

In this model, changes in forest biomass due to harvest activities are represented by
jumps in the state variable, x(T]*) —x(7;7). Where x(TjJ“) denotes the biomass just after
harvest and .%‘(7’;) is the biomass just before harvest. These jump points, denoted by 7;,
occur at discrete moments within the planning period, 7; € [0,T], where j =1, ..., k. The
magnitude of the jump depends on the control parameter, v;, which represents the volume
of timber taken out from the forest at each harvest instant, .’L'(T;_) —z(7;7) = v;. Between
jumps the change in the timber stock is given by the growth function.

In this model the forester’s objective is to maximise the net present value of the eco-
nomic returns derived from forest activities while choosing an optimal number of harvests,
k, the location of the harvest moments, 7;, and the volume taken out at each point in
time, v;. The forest economic rent includes both timber and non-timber benefits. The net
timber benefits are expressed as the reward associated with the jump points and therefore
equal to the net present benefit from the cutting activities, R(v;). The non-timber benefits
are obtained from the flow of amenity services and ecological functions over time. These

benefits are assumed to be a function of forest biomass, m(x(t)).

The maximisation problem can be expressed as,

T k
max /0 m(2(t))e Ot + Z R(vj)e 0T (1)

Tj,05,k

j=1
subject to,
&= F(x(t)) except at 7;, j=1..k (2)
3:(7';“) —a(r;) =—v; j=1.k (3)
2(0) = o (4)

Termansen (2000) illustrates that this model generates a large range of management

alternatives which have been excluded in existing forest economic literature. The paper



develops a numerical solution technique to solve the problem above excluding non-timber
benefits. This is a flexible framework which identifies different optimal cyclical dynamics
depending on the economic and biological characteristics of the forest system.

The following section illustrates that the model described above can represent clear-
cut harvesting. We will then show that the Faustmann solution arises from a constrained

version of the general model.
Clear-cutting in a Bioeconomic Model

Let’s restrict the general bioeconomic model above to represent exclusively clear-
cutting policies for a single even-aged stand. In this model the resource manager would
only be free to choose the time location of the jump points in the state variable because the
cutting regime is restricted to clear-cutting (Seierstad and Sydsaeter, 1987, pp. 207-09).
We assume, as in the Faustmann model, that re-planting activities follow immediately af-
ter clear-cutting. In this case, the magnitude of the jumps are constrained to be equal to
the size of the state variable before the jump minus z,, the biomass after the re-planting,
.’L‘(Tj_) —(1;) = —x(7; ) +xp. The timber price, the cost of planting and the interest rate
are p, ¢, and 6, respectively. The financial reward received from a jump is the gross timber
benefit from the cutting, p:l?(T;), minus the cost of planting, c,x,. Following Hartman
+).

(1976) the non-timber benefits are assumed to be a function of age of the trees, m(t —7;

Under these conditions the optimisation problem facing the resource manager is,

k o k
maxZ/ ah w(t — T;')e*&dt + Z[px(Tj_) — cprple 0T (5)
j=1

Tj j:l T;r
subject to,
&= F(x(t)) except at 1;, j=1..k (6)
$(TJ+) —a(r; ) =—a(r;) +ap at 75, j=1.k (7)
2(0) = o (8)

There are two state variables, timber stock and trees age. Following Seierstad and
Sydsaeter (1987, chapter 3, theorem 7 and section 4) the Hamiltonian and the necessary
conditions for the optimal solution of this problem are

H=m(t—7)e % + M (t)F(x(t)) + Aa(t) (9)



A= =M F'(x(t)) (10)

Xo = —7'(t — 7F)e % (11)
At the jump points 77, ...7;,

M) = (m ) = —pe ™ 4 M () (12)

which implies that pef‘STjﬁ = \7I7).

Furthermore, at the jumps points the Hamiltonian need to satisfy,

H(a(r; ) N5 ),m) = Ha(r ") A7) 7)) = =dlpa(r] ™) = qpaple ™™ (14)

Using Equation (9) we obtain,

S

7r(0)e_5 i 4 >\1(T;+)F(~’C*(T;+)) + )\2(7—7“)
—m(rT — 7*)6_&;_ = () E @ (157)) = da(757)

J J
= —dlpa(r] ) — cpryle™T (15)

Between jumps points equations (6), (10) and (11) must hold. Condition (10) indicates
that the rate at which the value of a unit of stock is changing is equal to its effect on the
value of the capital stock. Condition (11) states that the rate at which a marginal incre-
ment in age changes the economic returns is decreasing at the same rate as instantaneous
amenity benefits are increasing. Since the magnitude of the jump and the reward func-
tion depend on the timber stock, the costate variable, A;(t), is discontinuous at the jump
points. As equation (12) indicates the costate variable just before the jump is equal to the
net present value of the timber price. Conditions (12) and (13) characterize the optimal
cutting moments, i.e. the choice of 7; within the fixed planning interval [0,T]. The right
hand side of equation (15) represents the opportunity costs of postponing harvest by one
instant. It is given by the ‘potential’ benefit that could be earned if the harvest were
to be taken now and the net present value profits invested in a financial asset. In order
to understand the left hand side, recall that the Hamiltonian function is the sum of the
instantaneous value and the value of the future value of the growth of the capital stock.
So the left hand side term indicates the change in value from postponing the harvesting of
the standing trees. That is, (15) establishes that the optimal rotation length balances the
marginal benefit of delaying the harvest with the opportunity cost of holding the standing

trees.



We now derive the Faustmann equation as the solution of this problem. Let’s assume
that w(t — Tj‘") = 0. The solution of the first-order differential equation given by equation

(10) can be obtained as follows,

z(t) "
= )\1(Tj.+)€£5p { /( ., i‘((x)) dIE}

F(x(r
= Al(T]*)eq:p{—ln[F(:v(t))”i;r} = )\1(7]#) (z(7;7))

J

Py

Applying Equation (12), pe_éTJ:r1 = )\1(7};1)’ and the stock constraint at the jump

points (7) the above expression yields,

- Fla(r )
M(rih) = pe T —— I (17)
g F(zp)
Thus, the cutting decision moment given by Equation (15) can be written as 2,
pe T F(a(r7,,)) — pe T Fla(r))) = =d[pa(r;) — cpwple (18)

This cutting rule gives the optimal rotation length which maximizes the economic
returns from forest activities. Given the Faustmann assumptions that the economic and
biological parameters are constant, the forester faces an identical problem for each harvest,
i.e. all rotation periods have the same length. Thus, if we denote the rotation interval as

T;, where ¢ = 1....00, so that T; = 7, — Ttl and Tj41 = 7']]_1 — 7']*; and T71 =Ty = T3...00.

J j
The Faustmann rule is obtained from equation (18),

L Olpr(T)e " — )

PF(2(T})) = dpa(T:) R (19)

It will be optimal to harvest the standing forest when the marginal benefits of delaying
the harvest equal the opportunity costs of waiting. The left-hand side of the equation (19)
represents the increase in the net value of the standing forest over a unit time interval.
The first term on the right-hand side is the income that could be earned if revenue from
cutting is invested at an interest rate §; and the second term, is the interest on the ‘site
value’, which represents the opportunity cost of the land.

If the non-timber benefits can take positive values the model represents the case studied

by Hartman (1976). We assumed, based on the Hartman model, that newly regenerated

2This equation is identical to the solution obtained by Tahvonen and Salo’s utility maximisation model

when assuming perfect capital markets and excluding amenity values (Tahvonen and Salo, 1999).



areas have no amenity values, 7(0) = 0. The solution of the first-order linear differential

equation given by (11) integrating by parts yields
Tit1 _s
Mo(rF) = / 7t — H)edt =
T,

m(Tig = 7; e it — 5/ e %tdt  (20)

Now the cutting rule, applying equation (15), (17) and (20), is expressed as

pe i1 F(x w(1730)) + (T — 7 )e” +1+6/ )e Otdt

(g = e T = pe T F(a(ry) =

i
— S[pa () — cprple ™ (21)

This rule gives the optimal rotation length which maximizes the timber and non-timber
benefits. The Hartman rule can be obtained from this cutting condition if it is expressed
in rotation intervals, T;. Considering identical infinite rotations the Hartman equation
have the following form,

5[pw(T,-)e*5Ti — Cpp) N (5f0Ti W[ﬂs(t)]e_‘STidt

PPLa(T)] + wla(T)] = dpa(Ty) + L0 =

(22)

This equation is identical to the Faustmann equation but it includes the additional
flow of amenity outputs if the harvest is delayed and the ‘site value’ includes both timber

and non-timber benefits.

3 Conclusions

This paper has proposed a bioeconomic framework for the analysis of rotational dynamics
in forest management. This is done by modelling harvest as jump controls. The paper
shows that the Faustmann model is a special case of a much more general class of models.
The Faustmann and Hartman rules emerge when the cyclical dynamics of forest manage-
ment are constrained to clear-cutting. This emphasises that the optimal control framework
including jump controls constitutes a flexible modelling alternative to the Faustmann tra-
dition. Future research based on this framework will be able to model a broader range of
forest regimes which capture the diversity of biological and economic aspects inherent in

forest ecosystem management.
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